Free Holomorphic Functions on Polydomains by Popescu, Gelu
ar
X
iv
:1
70
5.
02
90
5v
1 
 [m
ath
.FA
]  
8 M
ay
 20
17
FREE HOLOMOLOMORPHIC FUNCTIONS ON POLYDOMAINS
GELU POPESCU
Abstract. In this paper, we continue to develop the theory of free holomorphic functions on noncom-
mutative regular polydomains. We find analogues of several classical results from complex analysis such
as Abel theorem, Hadamard formula, Cauchy inequality, and Liouville theorem for entire functions, in
our multivariable setting. We also provide a maximum principle and a Schwarz type lemma. These
results are used to prove analogues of Weierstrass, Montel, and Vitali theorems for the algebra of free
holomorphic functions on the regular polydomain, which turns out to be a complete metric space.
Introduction
We developed in [6], [7], [9], [10], [11], [12], and [14] a theory of free holomorphic functions on the open
unit ball
[B(H)k]1 :=
{
(X1, . . . , Xk) ∈ B(H)k : ‖X1X∗1 + · · ·+XkX∗k‖1/2 < 1
}
,
where k ∈ N := {1, 2, . . .} and B(H) is the algebra of all bounded linear operators on a Hilbert space
H. Several classical results from complex analysis have analogues in this noncommutative multivariable
setting. This theory was extended to noncommutative regular polyballs Bn in a series of papers, starting
with [8], which led to our work on the curvature invariant [18], the Euler characteristic [19], and the
group of free holomorphic automorphisms on Bn [20]. The regular polyball Bn, n = (n1, . . . , nk) ∈ Nk,
is a noncommutative analogue of the scalar polyball (Cn1)1 × · · · × (Cnk)1 and has a universal model
S := {Si,j} consisting of left creation operators acting on the tensor product F 2(Hn1) ⊗ · · · ⊗ F 2(Hnk)
of full Fock spaces.
The goal of the present paper is to continue the development of the theory of free holomorphic functions
on regular polydomains Dq, which was initiated in [13], [15], [16], and [17]. This theory is related, via
noncommutative Berezin transforms, to the study of operator algebras generated by the universal models
associated with the regular polydomains, as well as to the theory of functions in several complex variable
([3], [21], [22]). We mention that the regular polydomain Dq, q := (q1, . . . , qk), is a noncommutative
analogue of the scalar polydomain
Dq1(C)× · · · × Dqk(C),
where Dqi(C) ⊂ Cni is a domain generated by a positive regular polynomial qi ∈ C[Z1, . . . , Zni ] (see
Section 1). We remark that, in general, one can view the free holomorphic functions on noncommutative
polydomains as noncommutative functions in the sense of [2]. Our approach is quite different and relies
on the universal models associated with the regular polydomains.
After a few preliminaries on Berezin transforms on regular polydomains, we show, in Section 2, that the
regular polydomain Dq is a noncommutative complete Reinhardt domain. We obtain characterizations
for free holomorphic functions on regular polydomains and provide analogues of several results from
complex analysis such as: Abel theorem, Hadamard formula, Cauchy inequality, and Liouville theorem
for entire functions.
In Section 3, we prove a maximum principle for free holomorphic functions on regular polydomains
and obtain a Schwarz lemma in this setting. In Section 4, we provide analogues of the classical results of
Weierstrass, Montel, and Vitali (see [1]). These results are used to show that the algebra Hol(Dq) of all
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free holomorphic functions with complex coefficients on the polydomain Dq is a complete metric space
with respect to an appropriate metric.
We mention that most of the results of this paper, including Weierstrass, Montel, and Vitali type
theorems, remain true for the radial part of the polydomains Dmf , studied in [17], and the proofs are
essentially the same. We also remark that the results of this paper play an important role in our
project, in preparation, concerning the free biholomorphic classification of polydomains and the associated
polydomain algebras.
1. Preliminaries on Berezin transforms on noncommutative polydomains
A polynomial q ∈ C 〈Z1, . . . , Zn〉 in n noncommuting indeterminates is called positive regular if all its
coefficients are positive, the constant term is zero, and the coefficients of the linear terms Z1, . . . , Zn are
different from zero. Let F+n be the unital free semigroup on n generators g1, . . . , gn and the identity g0.
We denote Zα := Zj1 · · ·Zjp if α = gj1 · · · gjp ∈ F+n , and Zg0 = 1.
If A := (A1, . . . , An) ∈ B(H)n and q =
∑
α aαZα, aα ∈ C, we define the map Φq,A : B(H)→ B(H) by
setting Φq,A(Y ) :=
∑
α aαAαY A
∗
α for Y ∈ B(H). Given n := (n1, . . . , nk) with ni ∈ N := {1, 2, . . .}, and
a k-tuple q := (q1, . . . , qk) of positive regular polynomials qi ∈ C 〈Z1, . . . , Zni〉, we associate with each
k-tuple X := (X1, . . . , Xk) ∈ B(H)n1 × · · · × B(H)nk the defect mapping ∆q,X : B(H) → B(H) defined
by
∆q,X := (id− Φq1,X1) ◦ · · · ◦ (id− Φqk,Xk) .
We denote by B(H)n1 ×c · · ·×cB(H)nk the set of all tuples X := (X1, . . . , Xk) ∈ B(H)n1 ×· · ·×B(H)nk ,
where Xi := (Xi,1, . . . , Xi,ni) ∈ B(H)ni , i ∈ {1, . . . , k}, with the property that, for any s, t ∈ {1, . . . , k},
s 6= t, the entries of Xs are commuting with the entries of Xt. In this case we say that Xs and Xt are
commuting tuples of operators. Note that the operators Xi,1, . . . , Xi,ni are not necessarily commuting.
Consider the noncommutative regular polydomain
D−q (H) :=
{
X ∈ B(H)n1 ×c · · · ×c B(H)nk : ∆pq,X(I) ≥ 0 for any p := (p1, . . . , pk) ∈ {0, 1}k
}
,
where the defect mapping ∆pX : B(H)→ B(H) is defined by
∆
p
q,X := (id− Φq1,X1)p1 ◦ · · · ◦ (id− ΦqkXk)pk , p := (p1, . . . , pk) ∈ Zk+,
and we use the convention that (id − Φqi,Xi)0 = id, the identity mapping on B(H). The abstract
noncommutative polydomain D−q is the disjoint union
∐
HD
−
q (H), over all Hilbert spaces H.
For each i ∈ {1, . . . , k}, let Hni be an ni-dimensional complex Hilbert space with orthonormal basis
ei1, . . . , e
i
ni . We consider the full Fock space of Hni defined by
F 2(Hni) :=
⊕
p≥0
H⊗pni ,
where H⊗0ni := C1 and H
⊗p
ni is the (Hilbert) tensor product of p copies of Hni . Let F
+
ni be the unital
free semigroup on ni generators g
i
1, . . . , g
i
ni and the identity g
i
0. The length of α ∈ F+ni is defined by
|α| := 0 if α = gi0 and |α| := p if α = gij1 · · · gijp , where j1, . . . , jp ∈ {1, . . . , ni}. Set eiα := eij1 ⊗ · · · ⊗ eijp if
α = gij1 · · · gijp ∈ F+ni and eigi0 := 1 ∈ C. It is clear that {e
i
α : α ∈ F+ni} is an orthonormal basis of F 2(Hni).
For each j ∈ {1, . . . , ni}, we define the weighted left creation operators Wi,j : F 2(Hni) → F 2(Hni),
associated with the abstract noncommutative polydomain D−qi by setting
Wi,je
i
α :=
√
bi,α√
bi,gjα
eigjα, α ∈ F+ni ,
where
(1.1) bi,gi0 := 1 and bi,α :=
|α|∑
p=1
∑
γ1,...,γp∈F
+
ni
γ1···γp=α
|γ1|≥1,...,|γp|≥1
ai,γ1 · · · ai,γp
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for all α ∈ F+ni with |α| ≥ 1. Due to the definition of Wi,j , for each βi ∈ F+ni , we have
Wi,βiW
∗
i,βie
i
αi =
{
bi,γi
bi,αi
eiαi if αi = βiγi, γi ∈ F+ni
0 otherwise.
Now, we define the operatorWi,j acting on the tensor Hilbert space F
2(Hn1)⊗ · · ·⊗F 2(Hnk) by setting
Wi,j := I ⊗ · · · ⊗ I︸ ︷︷ ︸
i− 1 times
⊗Wi,j ⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
k − i times
.
We recall (see [17]) that , if Wi := (Wi,1, . . . ,Wi,ni), then
(id− Φq1,W1) ◦ · · · ◦ (id− Φqk,Wk)(I) = PC,
where PC is the orthogonal projection from ⊗ki=1F 2(Hni) onto C1 ⊂ ⊗ki=1F 2(Hni), where C1 is identified
with C1⊗· · ·⊗C1. Moreover,W := (W1, . . . ,Wk) is a pure k-tuple in the noncommutative polydomain
D−q (⊗ki=1F 2(Hni)) and is called the universal model associated with the abstract noncommutative poly-
domain D−q . We recall the definition of the noncommutative Berezin kernel associated with any element
X := (X1, . . . , Xk) ∈ D−q (H) with Xi := (Xi,1, . . . , Xi,ni) as the operator
Kq,X : H → F 2(Hn1)⊗ · · · ⊗ F 2(Hnk)⊗∆q,X(I)(H)
defined by
Kq,Xh :=
∑
βi∈F
+
ni
,i=1,...,k
√
b1,β1 · · ·
√
bk,βk e
1
β1 ⊗ · · · ⊗ ekβk ⊗∆q,X(I)1/2X∗1,β1 · · ·X∗k,βkh,
for h ∈ H, where the defect operator is defined by
∆q,X(I) := (id− Φq1,X1) ◦ · · · ◦ (id− Φqk,Xk)(I),
and the coefficients b1,β1 , . . . , bk,βk are given above. Here, we use the notation Xi,αi := Xi,j1 · · ·Xi,jp
if αi = g
i
j1
· · · gijp ∈ F+ni and Xi,gi0 := I. The noncommutative Berezin kernel associated with a k-tuple
X := (X1, . . . , Xk) in the noncommutative polydomain D
−
q (H) has the following properties.
(i) Kq,X is a contraction and
K∗q,XKq,X = lim
mk→∞
. . . lim
m1→∞
(id− Φmkqk,Xk) ◦ · · · ◦ (id− Φm1q1,X1)(I),
where the limits are in the weak operator topology.
(ii) If X is pure, i.e., for each i ∈ {1, . . . , k}, limmi→∞Φmiqi,Xi(I) = 0 in the weak operator topology,
then
K∗q,XKq,X = IH.
(iii) For any i ∈ {1, . . . , k} and j ∈ {1, . . . , ni},
Kq,XX
∗
i,j = (W
∗
i,j ⊗ I)Kq,X.
Now, we introduce a class of noncommutative Berezin transforms associated with regular polydomains.
If A is a positive invertible operator, we write A > 0. Define the open polydomain Dq :=
∐
HDq(H),
where
Dq(H) := {X ∈ B(H)n1 ×c · · · ×c B(H)nk : ∆q,X(I) > 0} .
The Berezin transform at X ∈ Dq(H), is the map BX : B(⊗ki=1F 2(Hni))→ B(H) defined by
BX[g] := K
∗
q,X(g ⊗ IH)Kq,X, g ∈ B(⊗ki=1F 2(Hni)).
Let P(W) be the set of all polynomials p(Wi,j) in the operators Wi,j , i ∈ {1, . . . , k}, j ∈ {1, . . . , ni},
and the identity. If g is in the operator space
S := span{p(Wi,j)q(Wi,j)∗ : p(Wi,j), q(Wi,j) ∈ P(W)},
where the closure is in the operator norm, we define the Berezin transform at X ∈ D−q (H), by
BX[g] := lim
r→1
K∗q,rX(g ⊗ IH)Kq,rX, g ∈ S,
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where the limit is in the operator norm topology. In this case, the Berezin transform at X is a unital
completely positive linear map such that
BX(WαW
∗
β) = XαX
∗
β , α,β ∈ F+n1 × · · · × F+nk ,
where Wα := W1,α1 · · ·Wk,αk if α := (α1, . . . , αk) ∈ F+n1 × · · · × F+nk . The polydomain algebra A(Dq)
is the norm closed algebra generated by all Wi,j and the identity, while the noncommutative Hardy
algebra F∞(Dq) is the weakly closed algebra generated by Wi,j and the identity. The restriction of
noncommutative Berezin transform BX to the polydomain algebra A(Dq) is a completely contractive
homomorphism. If, in addition, X is a pure k-tuple, then
lim
r→1
BrX[g] = BX[g], g ∈ S.
The Berezin transform will play an important role in this paper. More properties concerning noncommu-
tative Berezin transforms and multivariable operator theory on noncommutative balls and polydomains
can be found in [8], [9], [12], [14], [16], and [17]. For basic results on completely positive (resp. bounded)
maps we refer the reader to [4] and [5].
2. Free holomorphic functions on noncommutative polydomains
In this section, we show that the regular polydomain Dq is a noncommutative complete Reinhardt
domain. We study free holomorphic functions on regular polydomains and provide analogues of several
classical results from complex analysis such as: Abel theorem, Hadamard formula, Cauchy inequality,
and Liouville theorem for entire functions.
A subset G of B(H)n1 × · · · × B(H)nk is called complete Reinhardt set if zX ∈ G for any X ∈ G
and z ∈ Dn1+···+nk , where zX := {zi,jXi,j} if X := {Xi,j} and z = {zi,j} for i ∈ {1, . . . , k} and
j ∈ {1, . . . , ni}.
Proposition 2.1. The following statements hold:
(i) The regular polydomain Dq(H) is relatively open in B(H)n1 ×c · · · ×c B(H)nk , and its closure
Dq(H)−, in the operator norm topology, coincides with D−q (H).
(ii) Dq(H)is a complete Reinhardt domain such that
Dq(H) =
⋃
z∈D
n1+···+nk
zDq(H) =
⋃
z∈Dn1+···+nk
zDq(H)− =
⋃
z∈Dn1+···+nk
zDq(H).
and
Dq(H) =
⋃
0≤r<1
rDq(H) =
⋃
0≤r<1
rDq(H)−.
(iii) Dq(H)− is a complete Reinhardt set and
Dq(H)− =
⋃
z∈D
n1+···+nk
zDq(H)− =
⋃
0≤r≤1
rDq(H)−.
Proof. Fix X = (X1, . . . , Xk) ∈ Dq(H) and let c > 0 be such that ∆q,X(I) > cI. If d ∈ (0, c), then there
is ǫ > 0 such that −dI ≤∆q,Y(I)−∆q,X(I) ≤ dI for any Y = (Y1, . . . , Yk) ∈ B(H)n1 ×c · · · ×c B(H)nk
with maxi∈{1,...,k} ‖Xi − Yi‖ < ǫ. Hence,
∆q,Y(I) = (∆q,Y(I)−∆q,X(I)) +∆q,X(I) ≥ (c− d)I > 0,
which proves that Y ∈ Dq(H). Consequently, Dq(H) is relatively open in B(H)n1 ×c · · ·×cB(H)nk with
respect to the product topology. Now, we prove that Dq(H)− = D−q (H). First, we show that if λi ∈ D,
i ∈ {1, . . . , k}, and W = (W1, . . . ,Wk) is the universal model for the regular polydomain D−q , then
(2.1) (id− Φq1,λ1W1)p1 ◦ · · · ◦ (id− ΦqkλkWk)pk(I) ≥
k∏
i=1
(1− |λi|2)piI, pi ∈ {0, 1}.
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We recall that two operators A,B ∈ B(H) are called doubly commuting if AB = BA and AB∗ =
B∗A. Since the entries of Ws = (Ws,1, . . . ,Ws,ns) are doubly commuting with the entries of Wt =
(Wt,1, . . . ,Wt,nt), whenever s, t ∈ {1, . . . , k}, s 6= t, we have
(id− Φq1,λ1W1)p1 ◦ · · · ◦ (id− Φqk,λkWk)pk(I) =
k∏
i=1
(I − Φqi,λiWi(I))pi , pi ∈ {0, 1}.
Since I − Φqi,λiWi(I) ≥ (1 − |λi|2)I, the inequality (2.1) follows. Taking into account that Dq(H) is
open in the operator norm topology, it is clear that if X ∈ Dq(H), then there is r ∈ [0, 1) such that
1
rX ∈ Dq(H). Applying the Berezin transform at 1rX to the inequality of (2.1), when λi = r for any
i ∈ {1, . . . , k}, we deduce that
∆
p
q,X(I) = (id− Φq1,X1)p1 ◦ · · · ◦ (id− Φqk,Xk)pk(I) ≥
k∏
i=1
(1− r2)piI, pi ∈ {0, 1}.
Consequently, if Y ∈ Dq(H)−, a limiting process implies that ∆pq,Y(I) ≥ 0 for any p = (p1, . . . , pk)
with pi ∈ {0, 1}. Therefore, Dq(H)− ⊆ D−q (H). To prove the reverse inequality, let Y = (Y1, . . . , Yk) ∈
D−q (H). For any r ∈ [0, 1), we have
Φqi,rWi(I) =
∑
α∈F+ni ,|α|≥1
aαr
2|α|Wi,αW
∗
i,α ≤ r2Φqi,Wi(I) ≤ r2I.
Hence,
∏k
i=1(I − Φqi,rWi(I)) ≥ (1 − r2)kI. Applying the Berezin transform at Y and using the fact
that BX is a completely positive linear map, we deduce that ∆q,rY(I) ≥ (1 − r2)kI, which shows that
rY ∈ Dq(H). Since rY → Y, as r → 1, we conclude that D−q (H) ⊆ Dq(H)−, which completes the proof
of item (i).
Now, we prove item (ii). Using the inequality I − Φqi,ziWi(I) ≥ I − Φqi,Wi(I) ≥ 0 and the fact
that I − Φqi,Wi(I) commutes with I − Φqs,Ws(I), one can deduce that if z = (z1, . . . , zk), where zi =
(zi,1, . . . , zi,ni) ∈ D
ni
, then
(id−Φq1,z1W1)p1 ◦ · · · ◦ (id−Φqk,zkWk)pk(I) ≥ (id−Φq1.W1)p1 ◦ · · · ◦ (id−Φqk,Wk)pk(I), pi ∈ {0, 1}.
If X ∈ Dq(H), then applying the Berezin transform at X to the inequality above, we obtain ∆pq,zX(I) ≥
∆
p
q,X(I) > 0 for any p = (p1, . . . , pk) with pi ∈ {0, 1}. This implies
zDq(H) ⊆ Dq(H), z ∈ Dn1+···+nk ,
which shows that Dq(H) is a complete Reinhardt domain and Dq(H) =
⋃
z∈D
n1+···+nk zDq(H).
Now, fix X ∈ Dq(H)− and z ∈ Dn1+···+nk . Then there is r ∈ (0, 1) such that 1rz ∈ Dn1+···+nk .
Applying the Berezin transform at X to the inequality (2.1) when λ1 = · · · = λk = r, one can see that
rX ∈ Dq(H). Therefore, zX ∈ 1rzDq(H) ∈ Dq(H), which shows that
(2.2) zDq(H)− ⊆ Dq(H), z ∈ Dn1+···+nk .
Since Dq(H) is an open set , for any X ∈ Dq(H), there is r ∈ (0, 1) such that X ∈ rDq(H)).
Consequently,
(2.3) Dq(H) ⊂
⋃
0≤r<1
rDq(H) ⊂
⋃
z∈Dn1+···+nk
zDq(H) ⊆
⋃
z∈Dn1+···+nk
zDq(H)−
and
(2.4) Dq(H) ⊂
⋃
0≤r<1
rDq(H) ⊂
⋃
0≤r<1
rDq(H)−.
Using relations (2.2) and (2.3), one can see that the first sequence of equalities in item (ii) holds. Due
to relation (2.2), for each r ∈ [0, 1), we have rDq(H)− ⊆ Dq(H) which together with relation (2.4) show
that the second sequence of equalities in item (ii) holds. Item (iii) follows easily from item (ii). The proof
is complete. 
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We remark that if r := (r1, . . . , rk), ri > 0, then we also have Dq(H) =
⋃
0≤ri<1
rDq(H)−.
For each i ∈ {1, . . . , k}, let Zi := (Zi,1, . . . , Zi,ni) be an ni-tuple of noncommuting indeterminates and
assume that, for any p, q ∈ {1, . . . , k}, p 6= q, the entries in Zp are commuting with the entries in Zq. We
set Zi,αi := Zi,j1 · · ·Zi,jp if αi ∈ F+ni and αi = gij1 · · · gijp , and Zi,gi0 := 1, where gi0 is the identity in F
+
ni .
If α := (α1, . . . , αk) ∈ F+n1 × · · · × F+nk , we denote Zα := Z1,α1 · · ·Zk,αk . Let Z be the set of all integers
and Z+ be the set of all nonnegative integers.
If T1, . . . , Tn ∈ B(H), we use the notation [T1, . . . , Tn] to denote either the n-tuple (T1, . . . , Tn) ∈
B(H)n or the row operator [T1 · · · Tn] acting from the direct sum H(n) := H ⊕ · · · ⊕ H to H. We also
set Λp := {α := (α1, . . . , αk) ∈ F+n1 × · · · × F+nk : |αi| = pi}, where p := (p1, . . . , pk) ∈ Zk+.
Lemma 2.2. Let W := (W1, . . . ,Wk) be the universal model and {bi,αi} be the coefficients associated
with the abstract noncommutative polydomain D−q . If A(α), α ∈ Λp, are bounded linear operators on a
Hilbert space K, then ∥∥∥∥∥∥
∑
α=(α1,...,αk)∈Λp
b1,α1 · · · bk,αkWαW∗α
∥∥∥∥∥∥ = 1
and∥∥∥∥∥∥
∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2
=
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Wα
∥∥∥∥∥∥ =
∥∥∥∥∥∥
∑
α∈Λp
A∗(α)A(α) ⊗W∗αWα
∥∥∥∥∥∥
1/2
.
Proof. First note that if E1, . . . , Em are operators on a Hilbert space and have orthogonal ranges, then
‖[E1, . . . , Em]‖ = maxj∈{1,...,m} ‖Ej‖. We know from [13] that for each i ∈ {1, . . . , k} and any αi ∈ F+ni ,
‖Wi,αi‖ = 1√bi,αi . Hence, if α = (α1, . . . , αk) ∈ F
+
n1 × · · · × F+nk , then
‖Wα‖ = 1√
b1,α1 · · · bk,αk
.
Since the operators Wα, α = (α1, . . . , αk) ∈ Λp, have orthogonal ranges, we deduce that∥∥∥[√b1,α1 · · · bk,αkWα : α = (α1, . . . , αk) ∈ Λp]∥∥∥ = 1,
which proves the first relation of the lemma. Consequently, using the fact that
Wα(1) =
1√
b1,α1 · · · bk,αk
e1α1 ⊗ · · · ⊗ ekαk ,
we deduce that, for any h ∈ H with ‖h‖ ≤ 1,∣∣∣∣∣∣
∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
〈
A∗(α)A(α)h, h
〉∣∣∣∣∣∣
1/2
=
∥∥∥∥∥∥
∑
α∈Λp
(A(α) ⊗Wα)(h⊗ 1)
∥∥∥∥∥∥
≤
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Wα
∥∥∥∥∥∥
≤
∥∥∥∥∥∥
∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2 ∥∥∥∥∥∥
∑
α=(α1,...,αk)∈Λp
b1,α1 · · · bk,αkWαW∗α
∥∥∥∥∥∥
1/2
=
∥∥∥∥∥∥
∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2
.
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Hence, we deduce that∥∥∥∥∥∥
∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2
=
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Wα
∥∥∥∥∥∥ .
Since Wα, α = (α1, . . . , αk) ∈ Λp, have orthogonal ranges, we deduce that∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Wα
∥∥∥∥∥∥ =
∥∥∥∥∥∥
∑
α∈Λp
A∗(α)A(α) ⊗W∗αWα
∥∥∥∥∥∥
1/2
.
The proof is complete. 
The next result is an analogue of Abel theorem from complex analysis in our noncommutative multi-
variable setting.
Theorem 2.3. Let ϕ :=
∑
α∈F+n1×···×F
+
nk
A(α) ⊗ Zα be a formal power series with A(α) ∈ B(K) and let
r = (r1, . . . , rk) be such that ri > 0. Then the following statements hold.
(i) If the set
A :=

∥∥∥∥∥∥r2p11 · · · r2pkk
∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥ : p = (p1, . . . , pk) ∈ Zk+

is bounded, then the series ∑
p∈Zk+
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Xα
∥∥∥∥∥∥
is convergent in rDq(H), the regular polydomain of polyradius r = (r1, . . . , rk), and uniformly
convergent on sDq(H)− for any s = (s1, . . . , sk) with 0 ≤ si < ri.
(ii) If the set A is unbounded, then the series
∑
p∈Zk+
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Xα
∥∥∥∥∥∥ and
∑
p∈Zk+
∑
α∈Λp
A(α) ⊗Xα
are divergent for some X ∈ rDq(H)− and some Hilbert space H.
Proof. Let si < ri for i ∈ {1, . . . , k}, and X ∈ rDq(H). Assume that there is C > 0 such that∥∥∥∥∥∥r2p11 · · · r2pkk
∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥ ≤ C, p = (p1, . . . , pk) ∈ Zk+.
Due to the noncommutative von Neumann inequality [17] (see also [8]), we have∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Xα
∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
∑
α∈Λp
sp11 · · · spkk A(α) ⊗Wα
∥∥∥∥∥∥
= sp11 · · · spkk
∥∥∥∥∥∥
∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2
<
(
s1
r1
)p1
· · ·
(
sk
rk
)pk
C1/2
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for anyX ∈ sDq(H)−. On the other hand, due to Proposition 2.1, we have rDq(H) =
⋃
0≤si<ri
sDq(H)−.
Now, since the series
∑
(p1,...,pk)∈Zk+
(
s1
r1
)p1 · · ·( skrk )pk is convergent, one can easily complete the proof of
part (i).
To prove part (ii), assume that the set A is unbounded. We already know that the tuple rW :=
(r1W1, . . . , rkWk) is in the polydomain rDq(⊗ki=1F 2(Hni))−. Due to Lemma 2.2, we have∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗ rp11 · · · rpkk Wα
∥∥∥∥∥∥ = rp11 · · · rpkk
∥∥∥∥∥∥
∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2
.
If we assume that the series ∑
p=(p1,...,pk)∈Zk+
∑
α∈Λp
A(α) ⊗ rp11 · · · rpkk Wα
is convergent in the operator norm, then
{∥∥∥∥∥ ∑α∈Λp A(α) ⊗ rp11 · · · rpkk Wα
∥∥∥∥∥
}
p:=(p1,...,pk)∈Zk+
is a bounded
sequence, which contradicts that A is an unbounded set. The proof is complete. 
Definition 2.4. A formal power series ϕ :=
∑
α∈F+n1×···×F
+
nk
A(α)⊗Zα is called free holomorphic function
(with coefficients in B(K)) on the abstract polydomain ρDq :=
∐
H ρDq(H), ρ = (ρ1, . . . , ρk), ρi > 0, if
the series
ϕ(X) :=
∑
p∈Zk+
∑
α∈Λp
A(α) ⊗Xα
is convergent in the operator norm topology for any X = {Xi,j} ∈ ρDq(H) and any Hilbert space H. We
denote by Hol(ρDq) the set of all free holomorphic functions on ρDq with scalar coefficients.
Using Theorem 2.3, one can easily deduce the following characterization for free holomorphic functions
on regular polydomains.
Corollary 2.5. Let W be the universal model associated with the abstract regular polydomain Dq. A
formal power series ϕ =
∑
α∈F+n1×···×F
+
nk
A(α) ⊗ Zα is a free holomorphic function (with coefficients in
B(K)) on the abstract polydomain ρDq, where ρ = (ρ1, . . . , ρk), ρi > 0, if and only if the series∑
p=(p1,...,pk)∈Zk+
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗ rp11 · · · rpkk Wα
∥∥∥∥∥∥
converges for any ri ∈ [0, ρi) and i ∈ {1, . . . , k}.
Throughout the paper, we say that the abstract polydomain Dq or a free holomorphic function F
on Dq has a certain property, if the property holds for any Hilbert space representation of Dq and F ,
respectively. We remark that the coefficients of a free holomorphic function on a polydomain Dq are
uniquely determined by its representation on an infinite dimensional Hilbert space.
Corollary 2.6. If ϕ :=
∑
α∈F+n1×···×F
+
nk
a(α)Zα, a(α) ∈ C, is a free holomorphic function on the abstract
polydomain ρDq, ρ = (ρ1, . . . , ρk), then its representation on C, i.e.
ϕ(λ1, . . . , λk) :=
∑
α∈F+n1×···×F
+
nk
a(α)λα, λi = (λi,1, . . . , λi,ni),
is a holomorphic function on the scalar polydomain ρDq(C).
In what follows, we obtain Cauchy type inequalities for the coefficients of free holomorphic functions
on regular polydomains.
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Theorem 2.7. Let F be a free holomorphic function on the polydomain ρDq, with representation
F (X) :=
∑
(p1,...,pk)∈Zk+
∑
α∈Λp
A(α) ⊗Xα, X ∈ ρDq(H),
where A(α) ∈ B(K). Let r := (r1, . . . , rk) be such that 0 < ri < ρi and define
M(r) := sup ‖F (X)‖,
where the supremum is taken over all X ∈ rDq(H)− and any Hilbert space H. Then, for each k-tuple
p := (p1, . . . , pk) ∈ Zk+, we have∥∥∥∥∥∥
∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2
≤ 1
rp11 · · · rpkk
M(r).
Moreover, M(r) = ‖F (rW)‖, where W is the universal model of the regular polydomain Dq.
Proof. Using the fact that the operators Wα, with α = (α1, . . . , αk) ∈ F+n1 × · · · × F+nk , |αi| = pi, have
orthogonal ranges, and Lemma 2.2, we deduce that∣∣∣∣∣∣
〈 ∑
α∈Λp
A∗(α) ⊗W∗α
F (rW)(h⊗ 1), h⊗ 1〉
∣∣∣∣∣∣
≤
∥∥∥∥∥∥
∑
α∈Λp
A∗(α) ⊗W∗α
∥∥∥∥∥∥M(r)‖h‖2
=
∥∥∥∥∥∥
∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2 ∥∥∥∥∥∥
∑
α∈Λp
b1,α1 · · · bk,αkWαW ∗α
∥∥∥∥∥∥
1/2
M(r)‖h‖2
=
∥∥∥∥∥∥
∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2
M(r)‖h‖2
for any h ∈ K. On the other hand, we have〈 ∑
α∈Λp
A∗(α) ⊗W∗α
F (rW)(h⊗ 1), h⊗ 1〉
= rp11 · · · rpkk
〈 ∑
α∈Λp
A∗(α)A(α) ⊗W∗αWα
 (h⊗ 1), h⊗ 1〉
= rp11 · · · rpkk
∥∥∥∥∥∥∥
 ∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
1/2 h
∥∥∥∥∥∥∥
2
.
Hence, using the inequality above , we deduce that
rp11 · · · rpkk
∥∥∥∥∥∥∥
 ∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
1/2 h
∥∥∥∥∥∥∥
2
≤
∥∥∥∥∥∥
∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2
M(r)‖h‖2
for any h ∈ K. Now, the inequality in the theorem follows. The fact that M(r) = ‖F (rW)‖ is due to the
noncommutative von Neumann inequality [8]. The proof is complete. 
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Note that due to the fact that there is r ∈ (0, 1) such that rPn(H) ⊂ Dq(H), we have
B(H)n1 ×c · · · ×c B(H)nk =
⋃
ρ>0
ρDq(H).
Assume that H is an infinite dimensional separable Hilbert space. We say that F is an entire function in
B(H)n1 ×c · · · ×c B(H)nk if F is free holomorphic on every regular polydomain ρDq(H), ρ > 0.
In what follows, we obtain an analogue of Liouville’s theorem for entire functions on B(H)n1 ×c · · · ×c
B(H)nk .
Theorem 2.8. If F : B(H)n1×c · · ·×cB(H)nk → B(K)⊗minB(H) is an entire function with the property
that there is a constant C > 0 and m := (m1, . . . ,mk) ∈ Zk+ such that
‖F (X)‖ ≤ C
∥∥∥∥∥ ∑
α∈Λm
b1,α1 · · · bk,αkXαX∗α
∥∥∥∥∥
1/2
for any X ∈ B(H)n1 ×c · · · ×c B(H)nk , then F is a polynomial of degree at most m1 + · · · + mk. In
particular, a bounded free holomorphic function must be constant.
Proof. Let F have the representation
F (X) =
∑
p=(p1,...,pk)∈Zk+
∑
α∈Λp
A(α) ⊗Xα, X ∈ B(H)n1 ×c · · · ×c B(H)nk .
Due to the hypothesis, we have
‖F (rW)‖ ≤ Crm11 · · · rmkk
∥∥∥∥∥ ∑
α∈Λm
b1,α1 · · · bk,αkWαW∗α
∥∥∥∥∥
1/2
≤ Crm11 · · · rmkk
for any ri > 0. Using Theorem 2.7, we obtain∥∥∥∥∥∥
∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1/2
≤ 1
rp11 · · · rpkk
M(r) ≤ 1
rp11 · · · rpkk
‖F (rW)‖
≤ C 1
rp1−m11 · · · rpk−mkk
for any ri > 0 and i ∈ {1, . . . , k}. Note that, if there is s ∈ {1, . . . , k} such that ps > ms, then taking
rs →∞ we obtain ∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α) = 0,
which implies A(α) = 0 for any α = (α1, . . . , αk) with αi ∈ F+ni and |αi| = pi and any pi ∈ Z+, i 6= s.
Hence, we deduce that
F (X) =
∑
(p1,...,pk)∈Z
k
+
pi≤mi
∑
α∈Λp
A(α) ⊗Xα.
The proof is complete. 
Define the set
Ω :=
r := (r1, . . . , rk) ∈ Rk+ :

∥∥∥∥∥∥r2p11 · · · r2pkk
∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥

p:=(p1,...,pk)∈Zk+
is bounded
 .
Given a formal power series ψ :=
∑
α∈F+n1×···×F
+
nk
A(α) ⊗ Zα , we define
Cψ(H) :=
⋃
r∈Ω
rDq(H) and Cψ :=
∐
H
Cψ(H).
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We say that Cψ is logarithmically convex if Ω is log-convex, i.e. the set
{(log r1, . . . , log rk) : (r1, . . . , rk) ∈ Ω, ri > 0}
is convex.
Proposition 2.9. Let ψ :=
∑
α∈F+n1×···×F
+
nk
A(α) ⊗Zα be a formal power series. The following statements
hold.
(i) ψ is free holomorphic function on Cψ and
ψ(X) =
∑
p:=(p1,...,pk)∈Zk+
∑
α∈Λp
A(α) ⊗Xα, X ∈ Cψ,
where the series is convergent in the operator norm.
(ii) Cψ is a logarithmically convex complete Reinhardt domain.
Proof. Item (i) is due to Theorem 2.3 and the uniqueness of the representation for free holomorphic
functions on polydomains. To prove part (ii), note that Proposition 2.1 implies that Cψ is a complete
Reinhardt domain. It remains to show that Cψ is logarithmically convex. To this end, let (r1, . . . , rk)
and (s1, . . . , sk) be in Ω. Then there is a constant C > 0 such that
‖r2p11 · · · r2pkk Γp‖ ≤ C and ‖s2p11 · · · s2pkk Γp‖ ≤ C
for any p = (p1, . . . , pk) ∈ Zk+, where Γp :=
∑
α∈Λp
1
b1,α1 ···bk,αk
A∗(α)A(α). Due to the spectral theorem for
positive operators, for any t ∈ [0, 1], we have∥∥(rt1s1−t1 )2p1 · · · (rtks1−tk )2pkΓp∥∥ = ∥∥∥(r2p11 · · · r2pkk Γp)t(s2p11 · · · s2pkk Γp)1−t∥∥∥
≤
∥∥∥(r2p11 · · · r2pkk Γp)t∥∥∥ ∥∥∥(s2p11 · · · s2pkk Γp)1−t∥∥∥
≤
∥∥∥r2p11 · · · r2pkk Γp∥∥∥t ∥∥∥s2p11 · · · s2pkk Γp∥∥∥1−t
≤ CtC1−t = C.
Hence, (rt1s
1−t
1 , . . . , r
t
kk
1−t
1 ) ∈ Ω, which proves that Cψ is logarithmically convex. The proof is complete.

We remark that, due to Theorem 2.3, if ρ := (ρ1, . . . , ρk) /∈ Ω, then
∑
(p1,...,pk)∈Zk+
∑
α∈Λp
A(α) ⊗Xα is
divergent for some X ∈ ρDq(H)− and some Hilbert space H. We call the set Cψ the universal domain
of convergence of the power series ψ. In what follows, we find the largest polydomain rDq, r > 0, which
is included in the universal domain of convergence Cψ.
Theorem 2.10. Let ψ :=
∑
α∈F+n1×···×F
+
nk
A(α) ⊗ Zα be a formal power series and define γ ∈ [0,∞] by
setting
1
γ
:= lim sup
p:=(p1,...,pk)∈Zk+
∥∥∥∥∥∥
∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1
2(p1+···+pk)
.
Then the following statements hold.
(i) The series ∑
p∈Zk+
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Xα
∥∥∥∥∥∥ , X ∈ γDq(H),
is convergent. Moreover, the convergence is uniform on rDq(H)− if 0 ≤ r < γ.
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(ii) If γ ∈ [0,∞) and s > γ, then there is a Hilbert space H and Y ∈ sDq(H)− such that the series∑
p∈Zk+
∑
α∈Λp
A(α) ⊗Yα
is divergent in the operator norm topology.
Proof. First, we consider the case when γ ∈ (0,∞). Let X ∈ rDq(H)− be such that 0 ≤ r < γ and let
ρ ∈ (r, γ). Then ∥∥∥∥∥∥
∑
α∈Λp
1
b1,α1 · · · bk,αk
A∗(α)A(α)
∥∥∥∥∥∥
1
2(p1+···+pk)
<
1
ρ
for all but finitely many p := (p1, . . . , pk) ∈ Zk+. Consequently, due to the noncommutative von Neumann
inequality [8], we have∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Xα
∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗ rp1+···+pkW(α)
∥∥∥∥∥∥
= rp1+···pk
∥∥∥∥∥∥
∑
α∈Λp
A∗(α)A(α) ⊗W∗αWα
∥∥∥∥∥∥
1/2
<
(
r
ρ
)p1+···+pk
for all but finitely many p := (p1, . . . , pk) ∈ Zk+. As a consequence, item (i) holds and implies that
the series
∞∑
p∈Zk+
∥∥∥∥∥ ∑α∈Λp A(α) ⊗Xα
∥∥∥∥∥ is uniformly convergent on rDq(H)−. The case when γ = ∞ can be
treated in a similar manner. We leave it to the reader. Now, assume that γ ∈ [0,∞) and γ < ρ < s. Let
Y := sW, where W is the universal model of D−q . As above if Y ∈ sDq(H)− then
(2.5)
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Yα
∥∥∥∥∥∥ = sp1+···+pk
∥∥∥∥∥∥
∑
α∈Λp
A∗(α)A(α) ⊗W∗αWα
∥∥∥∥∥∥
1/2
.
Since 1ρ <
1
γ , there are infinitely many tuples p := (p1, . . . , pk) ∈ Zk+ such that∥∥∥∥∥∥
∑
α∈Λp
A∗(α)A(α) ⊗W∗αWα
∥∥∥∥∥∥
1
2(p1+···+pk)
>
1
ρ
.
Hence, and using relation (2.5), we deduce that ‖ ∑
α∈Λp
A(α) ⊗Yα‖ >
(
s
ρ
)p1+···+pk
. This shows that the
series ∑
p:=(p1,...,pk)∈Zk+
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Yα
∥∥∥∥∥∥
is divergent and also that item (ii) holds. The proof is complete. 
The number γ satisfying properties (i) and (ii) in Theorem 2.10 is unique and is called the polydomain
radius of convergence for the power series ψ.
In what follows, we set Γm := {α = (α1, . . . , αk) ∈ F+n1 × · · · × F+nk : |α1|+ · · ·+ |αk| = m}.
Theorem 2.11. Let ψ :=
∑
α∈F+n1×···×F
+
nk
A(α) ⊗ Zα be a formal power series and let γ ∈ [0,∞] be its
polydomain radius of convergence. Then the following statements hold.
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(i) The series
∞∑
m=0
∥∥∥∥∥ ∑
α∈Γm
A(α) ⊗Xα
∥∥∥∥∥
is uniformly convergent on rDq(H)− if 0 ≤ r < γ.
(ii) For any s > γ, there is Y ∈ sDq(H)− such that the series
∞∑
m=0
∑
α∈Γm
A(α) ⊗Xα
is divergent in the operator norm topology.
Proof. Since
∞∑
m=0
∥∥∥∥∥ ∑
α∈Γm
A(α) ⊗Xα
∥∥∥∥∥ ≤
∞∑
m=0
∑
p:=(p1,...,pk)∈Z
k
+
p1+···+pk=m
∥∥∥∥∥∥
∑
α∈Λp
A(α) ⊗Xα
∥∥∥∥∥∥ ,
Theorem 2.10 implies that item (i) holds. To prove item (ii) is enough to show that, under the condition
γ < ρ < s,
∞∑
m=0
∑
α∈Γm
A(α) ⊗ smWα
is divergent in the operator norm topology. Assume that the series above is convergent and apply it to
the vector x⊗ 1, where x ∈ K. Consequently,
∞∑
m=0
∑
α∈Γm
A(α)x⊗ sm 1√b1,α1 ···bk,αk eα is in the Hilbert space
K⊗⊗ki=1 F 2(Hni). Since {eα}α∈F+n1×···×F+nk is an orthonormal basis for⊗ki=1 F 2(Hni), we deduce that
the series
∑
α∈F+n1×···×F
+
nk
s2(|α1|+···+|αk|) 1b1,α1 ···bk,αk
A∗(α)A(α) is WOT-convergent. For each r ∈ [0, 1),
Lemma 2.2 implies
∞∑
m=0
rm
∑
(p1,...,pk)∈Z
k
+
p1+···+pk=m
∥∥∥∥∥∥∥∥
∑
βi∈F
+
ni
,|βi|=pi
i∈{1,...,k}
A(β) ⊗ sp1+···+pkWβ
∥∥∥∥∥∥∥∥
≤
∞∑
m=0
rm
∑
(p1,...,pk)∈Z
k
+
p1+···+pk=m
∥∥∥∥∥∥∥∥
∑
βi∈F
+
ni
,|βi|=pi
i∈{1,...,k}
s2(|β1|+···+|βk|)
1
b1,β1 · · · bk,βk
A∗(β)A(β)
∥∥∥∥∥∥∥∥
1/2
×
∥∥∥∥∥∥∥∥
∑
βi∈F
+
ni
,|βi|=pi
i∈{1,...,k}
b1,β1 · · · bk,βkW∗βWβ
∥∥∥∥∥∥∥∥
1/2
≤
∞∑
m=0
rm
(
m+ k − 1
k − 1
)∥∥∥∥∥∥∥
∑
β=(β1,...,βk)∈F
+
n1
×···×F+nk
s2(|β1|+···+|βk|)
1
b1,β1 · · · bk,βk
A∗(β)A(β)
∥∥∥∥∥∥∥
1/2
.
Since the latter series is convergent for any r ∈ [0, 1), we deduce that
∞∑
m=0
rm
∑
(p1,...,pk)∈Z
k
+
p1+···+pk=m
∥∥∥∥∥∥∥∥
∑
βi∈F
+
ni
,|βi|=pi
i∈{1,...,k}
A(β) ⊗ sp1+···+pkWβ
∥∥∥∥∥∥∥∥ <∞,
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which implies
∞∑
m=0
∑
(p1,...,pk)∈Z
k
+
p1+···+pk=m
∥∥∥∥∥∥∥∥
∑
βi∈F
+
ni
,|βi|=pi
i∈{1,...,k}
A(β) ⊗Xβ
∥∥∥∥∥∥∥∥ <∞
for any X ∈ ρDq(H)−, where ρ ∈ (γ, s), which contradicts Theorem 2.10. Therefore, item (ii) holds and
the proof is complete. 
An interesting consequence of the proofs of Theorem 2.10 and Theorem 2.11 is the following result.
Corollary 2.12. The polydomain radius of convergence of a power series ϕ :=
∑
α∈F+n1×···×F
+
nk
A(α) ⊗ Zα
satisfies the relation
γ = sup
r ≥ 0 :
∞∑
m=0
∑
|α1|+···+|αk|=m
αi∈F
+
ni
A(α) ⊗ rqWα is convergent in the operator norm

= sup
r ≥ 0 :
∑
(p1,...,pk)∈Zk+
∑
αi∈F
+
ni
,|αi|=pi
i∈{1,...,k}
A(α) ⊗ rp1+···+pkWα is convergent in the operator norm
 .
We also have the following characterization for free holomorphic functions on polydomains.
Corollary 2.13. Let W be the universal model associated with the abstract regular polydomain Dq. A
formal power series ϕ :=
∑
α∈F+n1×···×F
+
nk
A(α) ⊗ Zα is a free holomorphic function (with coefficients in
B(K)) on the abstract polydomain ρDq, where ρ = (ρ1, . . . , ρk), ρi > 0, if and only if the series
∞∑
m=0
∑
α∈F
+
n1
×···×F
+
nk
|α1|+···+|αk|=m
A(α) ⊗ s|α1|1 · · · s|αk|k Wα
is convergent in the operator norm topology for any si ∈ [0, ρi). Moreover, the set Hol(ρDq) of all free
holomorphic functions with scalar coefficients on ρDq is an algebra.
3. Maximum principle and Schwarz lemma on noncommutative polydomains
In this section we prove a maximum principle and Schwarz type lemma for free holomorphic functions
on regular polydomains.
Let H∞(Dq) denote the set of all elements ϕ in Hol(Dq) such that
‖ϕ‖∞ := sup ‖ϕ(X)‖ <∞,
where the supremum is taken over all X ∈ Dq(H) and any Hilbert space H. One can show that H∞(Dq)
is a Banach algebra under pointwise multiplication and the norm ‖ · ‖∞. For each p ∈ N, we define the
norms ‖ · ‖p :Mp×p (H∞(Dq))→ [0,∞) by setting
‖[ϕst]p×p‖p := sup ‖[ϕst(X)]p×p‖,
where the supremum is taken over all X ∈ Dq(H) and any Hilbert space H. It is easy to see that the
norms ‖ · ‖p, p ∈ N, determine an operator space structure on H∞(Dq), in the sense of Ruan ([4], [5]).
In [17], we identified the noncommutative algebra F∞(Dq) with the Hardy subalgebra H
∞(Dq) of
bounded free holomorphic functions on Dq with scalar coefficients. More precisely, we proved that
the map Φ : H∞(Dq) → F∞(Dq) defined by Φ (ϕ) := SOT- limr→1 ϕ(rW), is a completely isometric
isomorphism of operator algebras, where ϕ(rW) :=
∑∞
q=0
∑
α∈F
+
n1
×···×F
+
nk
|α1|+···+|αk|=q
rqa(α)Wα and the convergence
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of the series is in the operator norm topology. Moreover, if ϕ is a free holomorphic function on the abstract
polydomain Dq, then the following statements are equivalent:
(i) ϕ ∈ H∞(Dq);
(ii) sup
0≤r<1
‖ϕ(rW)‖ <∞;
(iii) there exists ψ ∈ F∞(Dq) such that ϕ(X) = BX[ψ] for X ∈ Dq(H), where BX is the noncommu-
tative Berezin transform associated with the abstract polydomain Dq.
Moreover, ψ is uniquely determined by ϕ, namely, ψ = SOT- limr→1 ϕ(rW) and
‖ψ‖ = sup
0≤r<1
‖ϕ(rW)‖ = lim
r→1
‖ϕ(rW)‖ = ‖ϕ‖∞.
We denote by A(Dq) the set of all elements g in Hol(Dq) such that the mapping
Dq(H) ∋ X 7→ g(X) ∈ B(H)
has a continuous extension to [Dq(H)]− for any Hilbert space H. One can show that A(Dq) is a Banach
algebra under pointwise multiplication and the norm ‖ · ‖∞, and it has an operator space structure under
the norms ‖ · ‖p, p ∈ N. Moreover, we can identify the polydomain algebra A(Dq) with the subalgebra
A(Dq). We proved in [17] that the map Φ : A(Dq) → A(Dq) defined by Φ (g) := limr→1 g(rW), in
the norm topology, is a completely isometric isomorphism of operator algebras. Moreover, if g is a free
holomorphic function on the abstract polydomain Dq, then the following statements are equivalent:
(i) g ∈ A(Dq);
(ii) g(rW) :=
∑∞
m=0
∑
α∈F
+
n1
×···×F
+
nk
|α1|+···+|αk|=m
rqa(α)Wα is convergent in the norm topology as r → 1;
(iii) there exists ϕ ∈A(Dq) such that g(X) = BX[ϕ] for X ∈ Dq(H), where BX is the noncommuta-
tive Berezin transform associated with the abstract polydomain Dq.
Moreover, ϕ is uniquely determined by g, namely, ϕ = limr→1 g(rW) and
‖ϕ‖ = sup
0≤r<1
‖g(rW)‖ = lim
r→1
‖g(rW)‖ = ‖g‖∞.
Proposition 3.1. Let G =
∑
α∈F+n1×···×F
+
nk
c(α)Zα be a free holomorphic function on the polydomain Dq.
(i) If 0 < r1 < r2 < 1, then r1D
−
q ⊂ r2Dq ⊂ Dq and
‖G(r1W)‖ ≤ ‖G(r2W)‖.
(ii) If 0 < r < 1, then the map G : rDq(H)− → B(H) defined by
G(X) :=
∞∑
m=0
∑
α∈F
+
n1
×···×F
+
nk
|α1|+···+|αk|=m
c(α)Xα, X ∈ rDq(H)−,
is continuous and ‖G(X)‖ ≤ ‖G(rW)‖ for any X ∈ rDq(H)−. Moreover, the series defining G
converges uniformly on rDq(H)− in the operator norm topology.
Proof. If 0 < r1 < r2 < 1, then the inclusions r1D
−
q ⊂ r2Dq ⊂ Dq are due to Proposition 2.1. Since
ϕ(W) :=
∑∞
m=0
∑
α∈F
+
n1
×···×F
+
nk
|α1|+···+|αk|=m
c(α)r
|α|
2 Wα is in A(Dq), the noncommutative von Neumann inequality
implies
‖ϕ(rW)‖ ≤ ‖ϕ(W)‖ for any r ∈ [0, 1).
Taking r := r1r2 , we obtain ‖G(r1W)‖ ≤ ‖G(r2W)‖.
To prove part (ii), note that G(rW) ∈A(Dq)) and 1rX ∈ Dq(H)−. Using again the noncommutative
von Neumann inequality, we obtain
‖G(X)‖ =
∥∥∥∥G(r(1rX
))∥∥∥∥ ≤ ‖G(rW)‖
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and
∞∑
m=0
∥∥∥∥∥∥∥∥
∑
α∈F
+
n1
×···×F
+
nk
|α1|+···+|αk|=m
c(α)Xα
∥∥∥∥∥∥∥∥ ≤
∞∑
m=0
∥∥∥∥∥∥∥∥
∑
α∈F
+
n1
×···×F
+
nk
|α1|+···+|αk|=m
c(α)r
|α|Wα
∥∥∥∥∥∥∥∥
for any X ∈ rDq(H)−. Now, one can easily complete the proof. 
In what follows, we prove a maximum principle for free holomorphic functions on polydomains.
Theorem 3.2. Let F be a free holomorphic function on Dq and let r ∈ [0, 1). If H is an infinite
dimensional Hilbert space, then
max{‖F (X)‖ : X ∈ rDq(H)−} = max{‖F (X)‖ : X ∈ ∂ (rDq(H))} = ‖F (rW)‖.
If, in addition, F has a continuous extension F˜ to D−q in the operator norm, then
max{‖F˜ (X)‖ : X ∈ Dq(H)−} = max{‖F˜ (X)‖ : X ∈ ∂Dq(H)} = ‖F‖∞.
Proof. Due to the noncommutative von Neumann inequality, we have
(3.1) ‖F (X)‖ ≤ ‖F (rW)‖, X ∈ rDq(H)−.
Since H is an infinite dimensional Hilbert space, there is a subspace M ⊂ H and a unitary opera-
tor U : ⊗ki=1F 2(Hni) → M. Consider the operators Ai,j :=
(
UWi,jU
∗ 0
0 0
)
, for any i ∈ {1, . . . , k}
and j ∈ {1, . . . , ni}, with respect to the decomposition H = M⊕M⊥. Set A := (A1, . . . , Ak) with
Ai := (Ai,1, . . . , Ai,ni) and note that ∆q,A(I) =
(
UPCU
∗ 0
0 I
)
. Since ∆q,A(I) ≥ 0 but ∆q,A(I) is
not invertible, Proposition 2.1 shows that A ∈ ∂Dq(H) ⊂ Dq(H)−. Consequently, we have rA ∈
∂(rDq(H)) ⊂ rDq(H)− and
F (rA) =
(
UF (rW)U∗ 0
0 F (0)
)
.
Hence, we deduce that ‖F (rA)‖ = ‖F (rW)‖. Using now the inequality (3.1), we complete the proof of
the first part of the theorem.
To prove the second part, assume that F has a continuous extension F˜ to Dq(K)− in the operator
norm, for any Hilbert space K. Then F˜ (A) = limr→1 F (rA) exists in the operator norm and is equal to(
U lim
r→1
F (rW)U∗ 0
0 F (0)
)
=
(
UF˜ (W)U∗ 0
0 F (0)
)
.
Hence, ‖F˜ (A)‖ = limr→1 ‖F (rW)‖ = ‖F‖∞. Since A ∈ ∂Dq(H) ⊂ Dq(H)−, the proof is complete. 
For the rest of this section, we assume that H is a separable infinite dimensional Hilbert space. Since
Dq(H) is a complete Reinhardt domain and
B(H)n1 ×c · · · ×c B(H)nk =
⋃
ρ>0
ρDq(H),
we can define the Minkovski functional associated with the regular polydomain Dq(H) to be the function
mBn : B(H)n1 ×c · · · ×c B(H)nk → [0,∞) given by
mDq(X) := inf {r > 0 : X ∈ rDq(H)} .
The polyball Pn is defined by setting Pn(H) := [B(H)n1 ]1 ×c · · · ×c [B(H)nk ]1.
Proposition 3.3. The Minkovski functional associated with the regular polydomain Dq(H) has the fol-
lowing properties:
(i) mDq(λX) = |λ|mDq(X) for λ ∈ C;
(ii) mDq is upper semicontinuous;
(iii) Dq(H) = {X ∈ B(H)n1 ×c · · · ×c B(H)nk : mDq(X) < 1};
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(iv) Dq(H)− = {X ∈ B(H)n1 ×c · · · ×c B(H)nk : mDq(X) ≤ 1};
(v) There is a polyball rPn(H) ⊂ Dq(H) for some r ∈ (0, 1), where mDq is continuous.
Proof. Assume that X ∈ B(H)n1 ×c · · · ×c B(H)nk and λ ∈ C are such that X 6= 0 and λ 6= 0. It is clear
that mDq(λX) = t > 0 if and only if λX ∈ cDq(H) for any c > t, and λX /∈ dDq(H) if 0 < d < t. Since
Dq(H) = eiθDq(H) for any θ ∈ R, we deduce that the latter conditions are equivalent to X ∈ c|λ|Dq(H)
for any c > t and X /∈ d|λ|Dq(H) if 0 < d < t. Consequently, we obtain that mDq(X) = t|λ| , which shows
that item (i) holds. Item (ii) follows easily from item (i).
Due to Proposition 2.1, we have Dq(H) =
⋃
0<r<1 rDq(H). Consequently, one can easily deduce item
(iii). As we saw in the proof of the same proposition, for any r ∈ (0, 1), we have Dq(H)− ⊆ 1rDq(H).
Hence, mDq(X) ≤ 1 for any X ∈ Dq(H)−. Assume that X ∈ B(H)n1×c · · ·×cB(H)nk and mDq(X) = 1.
Then there is a sequence {tm} with tm > 1 and tm → 1 such that X ∈ tmDq(H) for any m ∈ N. Taking
tm → 1, we deduce that X ∈ Dq(H)−. Consequently, using item (iii), one can deduce item (iv). To prove
(v), note that the fact that rPn(H) ⊂ Dq(H) for some r ∈ (0, 1) is obvoius. The continuity of mDq on
rPn(H) is due to the convexity of the latter polyball. The proof is complete. 
Now, we present an analogue of Schwarz lemma from complex analysis in the context of free holomor-
phic functions on polydomains.
Theorem 3.4. Let F : Dq(H) → B(H)p be a bounded free holomorphic function with ‖F‖∞ ≤ 1. If
F (0) = 0, then
‖F (X)‖ ≤ mDq(X) < 1, X ∈ Dq(H),
where mBn is the Minkovski functional associated with the regular polydomain Dq(H). In particular, if
p = 1, the free holomorphic function
ψ(X) :=
k∑
i=1
nj∑
j=1
∂f
∂zi,j
(0)Xi,j , X = {Xi,j} ∈ Dq(H),
has the property that ‖ψ(X)‖ ≤ mDq(X) < 1 for any X ∈ Dq(H), where f(z) := F (z) for any z =
{zi,j} ∈ Dq(C), is the scalar representation of F .
Proof. Fix X ∈ Dq(H). Due to Proposition 3.3, we have mDq(X) < 1. Let t ∈ (0, 1) be such that
mDq(X) < t < 1. Hence, using again Proposition 3.3 we deduce that
1
tX ∈ Dq(H) which, due to
Proposition 2.1, implies λtX ∈ Dq(H) for any λ ∈ D := {z ∈ C : |z| < 1}. For each x, y ∈ H(p) :=
H⊕ · · · ⊕ H with ‖x‖ ≤ 1 and ‖y‖ ≤ 1, define the function ϕx,y : D→ C by setting
ϕx,y(λ) :=
〈
F
(
λ
t
X
)
x, y
〉
, λ ∈ D.
Since F is a free holomorphic function on Dq(H) and ‖F‖∞ ≤ 1, we deduce that ϕx,y is a holomorphic
function on the unit disc D and |ϕx,y(λ)| ≤ 1. Since ϕx,y(0) = 0, the classical Schwarz lemma implies
|ϕx,y(λ)| ≤ |λ| for any λ ∈ D. Setting λ = mDq(X), we deduce that
ϕx,y(λ) :=
〈
F
(
mDq(X)
t
X
)
x, y
〉
≤ mDq(X), λ ∈ D,
for any t ∈ (0, 1) with mDq(X) < t < 1. Using the fact that F is continuous on Dq(H) and taking
t→ mDq(X), we obtain | 〈F (X)x, y〉 | ≤ mDq(X) for any x, y ∈ H(p) with ‖x‖ ≤ 1 and ‖y‖ ≤ 1. Hence,
‖F (X)‖ ≤ mDq(X) < 1, X ∈ Dq(H).
To prove the last part of the theorem, assume that p = 1. Due to the classical Schwarz lemma, we
have |ϕ′x,y(0)| ≤ 1. On the other hand, ϕ′x,y(0) =
〈
1
tψ(X)x, y
〉
, which implies ‖ψ(X)‖ ≤ t < 1. Now,
taking t→ mDq(X), we deduce that ‖ψ(X)‖ ≤ mDq(X) < 1. The proof is complete. 
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4. Weierstrass, Montel, Vitali theorems for the algebra Hol(Dq)
In this section, we obtain Weierstrass, Montel, and Vitali type theorems for the algebra Hol(Dq) of
free holomorphic functions on the noncommutative domain Dq. This enables us to introduce a metric
on Hol(Dq) with respect to which it becomes a complete metric space.
The first result is an analogue of Weierstrass theorem (see [1]) for free holomorphic functions on
noncommutative polydomains.
Theorem 4.1. Let {Gm}∞m=1 ⊂ Hol(Dq) be a sequence of free holomorphic functions such that, for
each r ∈ [0, 1), the sequence {Gm(rW}∞m=1 is convergent in the operator norm topology. Then there is
a free holomorphic function F ∈ Hol(Dq) such that Gm(rW) converges to F (rW), as m→∞, for any
r ∈ [0, 1).
Proof. Let Gm have the representation Gm :=
∑
p=(p1,...,pk)∈Zk+
∑
α∈Λp
c
(m)
(α)Zα and fix r ∈ (0, 1). Since Gm
is a free holomorphic function on Dq, Corollary 2.5 shows that
Gm(rW) =
∑
p=(p1,...,pk)∈Zk+
∑
α∈Λp
c
(m)
(α) r
p1+···pkWα
is in the noncommutative disc algebra A(Dq). Due to the hypothesis, the sequence {Gm(rW)}∞m=1 is
convergent in the operator norm of B(F 2(Hn1)⊗· · ·⊗F 2(Hnk)). Consequently, there exists and operator
G(W) ∈ A(Dq) such that
(4.1) Gm(rW)→ G(W), as m→∞.
Let
∑
p=(p1,...,pk)∈Zk+
∑
α∈Λp
d(α)(r)Wα be the Fourier representation of G(W), with d(α)(r) ∈ C. Since the
operatorsWα, α ∈ Λp, have orthogonal ranges and
Wα(1) =
1√
b1,α1 · · · bk,αk
e1α1 ⊗ · · · ⊗ ekαk ,
we deduce that
(4.2) d(α)(r)
1
b1,α1 · · · bk,αk
= 〈W∗αG(W)1, 1〉 , α = (α1, . . . , αk) ∈ F+n1 × · · · × F+nk .
If λ(β) ∈ C for β = (β1, . . . , βk) ∈ F+n1 × · · · × F+nk with |βi| = pi, i ∈ {1, . . . , k}, we have∣∣∣〈 ∑
β∈Λp
λ(β)W
∗
β(Gm(rW) −G(W))1, 1
〉∣∣∣
≤ ‖Gm(rW) −G(W)‖
∥∥∥∥∥∥
∑
β∈Λp
λ(β)W
∗
β
∥∥∥∥∥∥ .
Consequently, due to relation (4.2) and Lemma 2.2, we have∣∣∣∣∣∣
∑
β∈Λp
1
b1,β1 · · · bk,βk
(rp1+···+pkc
(m)
(β) − d(β)(r))λ(β)
∣∣∣∣∣∣
≤ ‖Gm(rG) −G(G)‖
∑
β∈Λp
1
b1,β1 · · · bk,βk
|λ(β)|2
1/2
for any λ(β) ∈ C with β = (β1, . . . , βk) ∈ F+n1 × · · · × F+nk and |βi| = pi. Consequently,∑
β∈Λp
1
b1,β1 · · · bk,βk
|rp1+···+pkc(m)(β) − d(β)(r)|2
1/2 ≤ ‖Gm(rW) −G(W)‖
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for any p := (p1, . . . , pk) ∈ Zk+. Now, since ‖Gm(rW) −G(W)‖ → 0, as m → ∞, the inequality above
implies rp1+···+pkc
(m)
(β) → d(β)(r), as m→∞, for any β = (β1, . . . , βk) ∈ F+n1×· · ·×F+nk with |βi| = pi and
any p ∈ Zk+. Therefore, c(β) := limm→∞ c
(m)
β) exists and d(β)(r) = r
p1+···+pkc(β). Define the formal power
series F :=
∑
α∈F+n1×···×F
+
nk
c(α)Zα and let us prove that F is a free holomorphic function on the noncom-
mutative polydomain Dq. Using the inequality above, the fact that
∥∥∥∥∥ ∑β∈Λp b1,β1 · · · bk,βkWβW∗β
∥∥∥∥∥ = 1,
and Lemma 2.2, we deduce that∥∥∥∥∥∥
∑
α∈Λp
c
(m)
(α) r
p1+···pkWα −
∑
α∈Λp
c(α)r
p1+···pkWα
∥∥∥∥∥∥
= rp1+···+pk
∥∥∥∥∥∥
∑
α∈Λp
(
c
(m)
(α) − c(α)
)
Wα
∥∥∥∥∥∥
≤ rp1+···+pk
 ∑
α∈Λp
1
b1,α1 · · · bk,αk
∣∣∣c(m)(α) − c(α)∣∣∣2
1/2
∥∥∥∥∥∥
∑
β∈Λp
b1,β1 · · · bk,βkWβW∗β
∥∥∥∥∥∥
1/2
.
≤ ‖Gm(rW)−G(W)‖
for any r ∈ [0, 1) and any p := (p1, . . . , pk) ∈ Zk+. This shows that∥∥∥∥∥∥
∑
α∈Λp
c
(m)
(α)Wα
∥∥∥∥∥∥→
∥∥∥∥∥∥
∑
α∈Λp
c(α)Wα
∥∥∥∥∥∥ , as m→∞,
uniformly with respect to p ∈ Zk+. Since the operators Wα, α ∈ Λp, have orthogonal ranges, the later
convergence is equivalent to
(4.3)
∥∥∥∥∥∥
∑
α∈Λp
∣∣∣c(m)(α) ∣∣∣2W∗αWα
∥∥∥∥∥∥
1/2
→
∥∥∥∥∥∥
∑
α∈Λp
∣∣c(α)∣∣2W∗αWα
∥∥∥∥∥∥
1/2
, as m→∞,
uniformly with respect to p ∈ Zk+. Assume now that γ > 1 and
lim sup
p=(p1,...,pk)∈Zk+
∥∥∥∥∥∥
∑
α∈Λp
∣∣c(α)∣∣2W∗αWα
∥∥∥∥∥∥
1/2(p1+···+pk)
> γ.
Then, there are infinitely many p = (p1, . . . , pk) ∈ Zk+ such that
(4.4)
∥∥∥∥∥∥
∑
α∈Λp
∣∣c(α)∣∣2W∗αWα
∥∥∥∥∥∥
1/2
> γp1+···+pk .
Let λ be such that 1 < λ < γ and let ǫ > 0 be with the property that ǫ < γ − λ. Note that ǫ <
γp1+···+pk −λp1+···+pk for any p = (p1, . . . , pk) ∈ Zk+. The convergence in relation (4.3) implies that there
exists Kǫ ∈ N such that∣∣∣∣∣∣∣
∥∥∥∥∥∥
∑
α∈Λp
∣∣∣c(m)(α) ∣∣∣2W∗αWα
∥∥∥∥∥∥
1/2
−
∥∥∥∥∥∥
∑
α∈Λp
∣∣c(α)∣∣2W∗αWα
∥∥∥∥∥∥
1/2
∣∣∣∣∣∣∣ < ǫ
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for any m > Kǫ and any p = (p1, . . . , pk) ∈ Zk+. Consequently, if we fix m > Kǫ and using (4.4), we
deduce that ∥∥∥∥∥∥
∑
α∈Λp
∣∣∣c(m)(α) ∣∣∣2W∗αWα
∥∥∥∥∥∥
1/2
≥ γp1+···+pk − ǫ > λp1+···+pk
for infinitely many p = (p1, . . . , pk) ∈ Zk+. Therefore,
lim sup
p=(p1,...,pk)∈Zk+
∥∥∥∥∥∥
∑
α∈Λp
∣∣∣c(m)(α) ∣∣∣2W∗αWα
∥∥∥∥∥∥
1/2(p1+···+pk)
≥ λ > 1
Now, using Theorem 2.10 and Lemma 2.2, we conclude that Gm is not a free holomorphic function on
Dq, which is a contradiction. Therefore, we must have
lim sup
p=(p1,...,pk)∈Zk+
∥∥∥∥∥∥
∑
α∈Λp
∣∣c(α)∣∣2W∗αWα
∥∥∥∥∥∥
1/2(p1+···+pk)
≤ 1.
Using again Theorem 2.10 and Lemma 2.2, we deduce that F is a free holomorphic function on Dq.
Consequently,
F (rW) =
∑
p=(p1,...,pk)∈Zk+
∑
α∈Λp
c(α)r
p1+···pkWα
is convergent in the operator norm topology and G(W) = F (rW). Due to relation (4.1), for each
r ∈ [0, 1), we have
‖Gm(rW) − F (rW)‖ → 0, as m→∞.
The proof is complete. 
We say that G ⊂ Hol(Dq) is a normal set if each sequence {Gm}∞m=1 in G has a subsequence {Gmk}∞k=1
which converges to an element G ∈ Hol(Dq), i.e., for any r ∈ [0, 1),
‖Gmk(rW)− F (rW)‖ → 0, as k →∞.
The set G is called locally bounded if, for any r ∈ [0, 1), there exists M > 0 such that ‖F (rW)‖ ≤M for
all F ∈ G.
An important consequence of Theorem 4.1 is the following noncommutative version of Montel theorem
(see [1]).
Theorem 4.2. Let G ⊂ Hol(Dq) be a family of free holomorphic functions. Then the following state-
ments are equivalent:
(i) G is locally bounded.
(ii) G is a normal set.
Proof. First, we prove the implication (i) =⇒ (ii). Assume that G is locally bounded., i.e., for each
r ∈ [0, 1), there is Mr > 0 such that
sup
G∈G
‖G(rW)‖ = Mr <∞.
Each function G ∈ G has a representation
G(X) =
∑
p=(p1,...,pk)∈Zk+
∑
α∈Λp
cG(α)Xα,
where cG(α) ∈ C. Let {Gm}∞m=1 be a sequence of elements in G. Since |cG(g)| = ‖G(0)‖ ≤ M0 for any
G ∈ G, the classical Bolzano-Weierstrass theorem for bounded sequences of complex numbers shows that
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there is a subsequence {Gγk}∞k=1 of {Gm}∞m=1 such that {c
Gγk
(g) } is convergent in C. On the other hand,
due to Theorem 2.7, for each p = (p1, . . . , pk) ∈ Zk+ and r ∈ (0, 1), we have
(4.5)
 ∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
|cG(g)|2
1/2 ≤ 1
rp1+···+pk
‖G(rW)‖ ≤ 1
rp1+···+pk
Mr
for any G ∈ G. Using this inequality, the classical Bolzano-Weierstrass theorem, and the diagonal
process, an inductive argument shows that there is a subsequence {Gms}∞s=1 of {Gm}∞m=1 such that, for
each α = (α1, . . . , αk) ∈ F+n1 × · · · × F+nk , the sequence {c
Gms
(α) }∞s=1 is convergent in C, as ms →∞.
Fix r ∈ (0, 1) and let t > 1. We prove that the sequence {Gms( rtW)}∞s=1 is convergent in the operator
norm topology of B(F 2(Hn1)⊗ · · · ⊗ F 2(Hnk)). For each N, s, ℓ ∈ N, set
ΛN (s, ℓ) :=
N∑
m=0
∑
p:=(p1,...,pk)∈Z
k
+
p1+···+pk=m
∥∥∥∥∥∥
∑
α∈Λp
c
Gms
(α)
(r
t
)p1+···+pk
Wα − cGmℓ(α)
(r
t
)p1+···+pk
Wα
∥∥∥∥∥∥
and note that relation (4.5) implies∥∥∥Gms (rtW)−Gmℓ (rtW)
∥∥∥
≤ ΛN (s, ℓ) +
∞∑
m=N+1
∑
p:=(p1,...,pk)∈Z
k
+
p1+···+pk=m
(r
t
)m ∑
α=(α1,...,αk)∈Λp
1
b1,α1 · · · bk,αk
|cGms(g) − c
Gmℓ
(g) |2
1/2
≤ ΛN (s, ℓ) +
∞∑
m=N+1
∑
p:=(p1,...,pk)∈Z
k
+
p1+···+pk=m
(r
t
)m 2
rm
Mr
≤ ΛN (s, ℓ) +
∞∑
m=N+1
(
m+ k − 1
k − 1
)
2
tm
Mr.
Now, it is clear that we can choose N large enough so that
∞∑
m=N+1
(
m+ k − 1
k − 1
)
2
tm
Mr <
ǫ
2
.
Since, for each α = (α1, . . . , αk) ∈ F+n1×· · ·×F+nk , the sequence {c
Gms
(α) }∞s=1 is convergent in C, asms →∞,
we can choose k0 ∈ N such that ΛN (s, ℓ) < ǫ2 for any s, ℓ ≥ k0. Putting together these results we conclude
that
∥∥Gms ( rtW)−Gmℓ ( rtW)∥∥ ≤ ǫ for any s, ℓ ≥ k0, which proves that the sequence {Gms( rtW)}∞s=1 is
convergent in the operator norm topology. Since { rt : r ∈ [0, 1), t > 1} = [0, 1), we deduce that, for each
t ∈ [0, 1), {Gms(tW)}∞s=1 is convergent in the operator norm topology, as ms → ∞. Applying Theorem
4.1, we conclude that G is a normal set and the implication (i) =⇒ (ii) is true.
We prove the converse by contradiction. Assume that G is a normal set and that there is r0 ∈ (0, 1) such
that supG∈G ‖G(r0W)‖ = ∞. Then, there is a sequence {Gm}∞m=1 ⊂ G such that ‖Gm(r0W)‖ → ∞,
as m → ∞. Since G is a normal set, there is a subsequence {Gmk}∞k=1 and G ∈ Hol(Dq) such that
‖Gmk(rW)−G(rW)‖ → 0, as k →∞, for any r ∈ [0, 1). This contradicts the fact that ‖Gmk(r0W)‖ →
∞, as mk →∞. The proof is complete. 
The next result is an analogue of Vitali’s theorem in our setting.
Theorem 4.3. Let {Gm}∞m=1 be a sequence of free holomorphic function (with scalar coefficients) on the
polydomain Dq such that , for each r ∈ [0, 1),
sup
m
‖Gm(rW)‖ <∞.
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If there is γ ∈ (0, 1) such that Gm(γW) converges in the operator norm, as m → ∞, then there is
G ∈ Hol(Dq) such that
‖Gm(rW) −G(rW)‖ → 0, as m→∞.
for any r ∈ [0, 1).
Proof. Assume that there is r0 ∈ [0, 1) such that {Gm(r0W)}∞m=1 is not convergent in the operator norm.
Then there is δ > 0 and subsequences {Gmk}∞k=1 and {Gsk}∞k=1 of {Gm}∞m=1 such that
(4.6) ‖Gmk(r0W)−Gsk(r0W)‖ ≥ δ
for any k ∈ N. Due to Theorem 4.2, there is F ∈ Hol(Dq) and a subsequence {kp}∞p=1 of {k}∞k=1 such
that
(4.7) Gmkp (rW)→ F (rW), as p→∞,
for any r ∈ [0, 1). Note that relation (4.6) implies
(4.8) ‖Gmkp (r0W)−Gskp (r0W)‖ ≥ δ
for any p ∈ N. Applying again Theorem 4.2, there is H ∈ Hol(Dq) and a subsequence {pq}∞q=1 of {p}∞p=1
such that
(4.9) Gskpq (rW)→ H(rW), as p→∞,
for any r ∈ [0, 1). Due to relation (4.8), we have
‖Gmkpq (r0W)−Gskpq (r0W)‖ ≥ δ
for any q ∈ N. Taking q →∞ in the latter inequality and using relations (4.7) and (4.9), we obtain
(4.10) ‖F (r0W)−H(r0W)‖ ≥ δ.
On the other hand, since the sequence {Gm(γW)}∞m=1 converges in the operator norm, as m → ∞,
relations (4.7) and (4.9) imply F (γW) = H(γW). Since γ ∈ (0, 1) and F,H ∈ Hol(Dq), and due to the
uniqueness of the representation of free holomorphic functions on polydomains, we deduce that F = H ,
which contradicts (4.10). Therefore, for each r ∈ [0, 1), {Gm(rW)}∞m=1 is convergent in the operator
norm, as m→∞. Applying Theorem 4.1, we complete the proof. 
If F,G ∈ Hol(Dq) and 0 < r < 1, we define
dr(F,G) := ‖F (rW)−G(rW)‖.
Due to the maximum principle of Theorem 3.2, if H is an infinite dimensional Hilbert space, then
dr(F,G) = sup
X∈rDq(H)−
‖F (X)−G(X)‖.
Let 0 < rm < 1 be such that {rm}∞m=1 is an increasing sequence convergent to 1. For any F,G ∈ Hol(Dq),
we define
ρ(F,G) :=
∞∑
m=1
(
1
2
)m
drm(F,G)
1 + drm(F,G)
.
Using standards arguments, one can show that ρ is a metric on Hol(Dq).
Theorem 4.4. (Hol(Dq), ρ) is a complete metric space.
Proof. First, note that if ǫ > 0, then there exists δ > 0 and m ∈ N such that, for any F,G ∈ Hol(Dq),
drm(F,G) < δ =⇒ ρ(F,G) < ǫ. Conversely, if δ > 0 and m ∈ N are fixed, then there is ǫ > 0 such that,
for any F,G ∈ Hol(Dq), ρ(F,G) < ǫ =⇒ drm(F,G) < δ.
Now, let {gk}∞k=1 ⊂ Hol(Dq) be a Cauchy sequence in the metric ρ. An immediate consequence of
the observation above is that {gk(rmW)}∞k=1 is a Cauchy sequence in B(F 2(Hn1)⊗ · · · ⊗ F 2(Hnk)), for
any m ∈ N. Consequently, for each m ∈ N, the sequence {gk(rmW)}∞k=1 is convergent in the operator
norm. According to Theorem 4.1, there is a free holomorphic function g ∈ Hol(Dq) such that gk(rW)
converges to g(rW) for any r ∈ [0, 1). Using again the observation made at the beginning of this proof,
we deduce that ρ(gk, g)→ 0, as k →∞, which completes the proof. 
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We remark that, Theorem 4.2 and Theorem 4.4 imply the following compactness criterion for subsets
of Hol(Dq).
Corollary 4.5. A subset G of (Hol(Dq), ρ) is compact if and only if it is closed and locally bounded.
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